Introduction
Structural optimization offers a systematic approach to material layout in engineering design. Its most general branch is topology optimization where both structural component sizes and system connectivity are simultaneously optimized (Bendsøe and Sigmund, 2003) . Structural optimization naturally drives design towards sparse and slender structures. Such structures are typically more susceptible to the deleterious effects of fabrication errors, includ ing decreased resistance to buckling in the presence of geometric imperfections. This work presents a topology optimization algo rithm that includes the effects of geometric variability in the man ufacturing process, with the goal of improving design robustness. We focus on truss structures, and extend a recently developed perturbation-based approach (Guest and Igusa, 2008; Asadpoure et al., 2011) by accounting for nonlinear structural behavior.
Truss topology optimization typically follows a ground struc ture approach. The design domain is discretized with a nodal mesh that is connected by a dense set of potential structural members. Boundary conditions and applied loads are assumed known, and optimization is used to determine the distribution of cross-sec tional areas (Kirsch, 1989; Bendsøe et al., 1994; Achtziger et al., 1992; Bendsøe and Sigmund, 2003) . Members with areas below a ⇑ Corresponding author.
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certain threshold are deemed inefficient and are removed from the ground structure, thereby changing connectivity of the system.
There exists a rich literature on the design of trusses using opti mization. We are concerned here with those works that are related to buckling. This area has recently generated significant interest among researchers due to technological advancements, including improved material strengths and manufacturing capabilities, that allow for design of more slender structural components. Buckling can be viewed as a combination of local (Euler) and global (system) buckling. One natural approach for developing designs that resist local buckling is to include the Euler buckling criterion in the con straints (Neves et al., 1995; Stolpe, 2004) . However this formula tion poses several fundamental and numerical challenges (Duysinx and Bendsøe, 1998; Kirsch, 1996; Zhou, 1996) . Guo et al. (2001) , for example, describe how this formulation may lead to a division of the feasible domain into disjoint subdomains, with the optimal solutions at the boundaries making them difficult locate with conventional optimizers. Cheng and Guo (1997) proposed the method of epsilon relaxation to overcome a similar difficulty.
While these methods account for the effects of local buckling, solutions can still be globally unstable, as in the common case of a chain of collinearly connected elements. While these collinear ele ments can be merged into one longer element through a method known as node cancelation, Zhou (1996) demonstrated that this in creases the potential for Euler buckling, leading to suboptimal solu tions. Achtziger (1999) circumvented this using local buckling constraints that account for the node cancelation effect via an exact modeling method to consider the full length of isolated collinear chains. In terms of global buckling, Guo et al. (2005) attempt to cir cumvent collinear chains by using overlapping members in the ground structure while Rozvany (1996) explored the use of system stability constraints and geometric imperfections to facilitate crea tion of the kind of bracing needed to prevent global buckling behav ior. Ben-Tal and Nemirovski (1997) proposed using artificial nodal loads to stabilize the system, which Tyas et al. (2006) updated with a scaling based on the internal force magnitudes of the members connected to the node. Ben-Tal et al. (2000) and Kočvara (2002) for mulated an approach for deterministic truss design that included linearized global buckling in the compliance formulation.
As suggested by the works in the preceding paragraphs, topol ogy optimization often exhibits numerical challenges associated with the underlying governing mechanics, such as local and global instability. Hence, topology optimization research has focused pri marily on deterministic design problems, with the inclusion of uncertainty typically limited to the loading, treated probabilisti cally or through multiple load cases (Bendsøe et al., 1994; Diaz and Bendsøe, 1992; Lógó, 2007; Lógó et al., 2009; Yonekura and Kanno, 2010) . Uncertainties associated with structural stiffness, however, can be important in design. This is particularly true in optimized structures that tend to be light, slender and sensitive to uncertainties in geometric and material properties. In the pres ence of such uncertainties, the global stiffness matrix becomes a random matrix, complicating the sensitivity analysis. Sandgren and Cameron (2002) circumvented this by taking a simulationbased approach, using a genetic algorithm as the optimizer and Monte Carlo simulation to represent uncertainties in geometry and material properties. Calafiore and Dabbene (2008) proposed relaxed approximations to the formulation to optimize under the condition of material property randomness.
The work herein follows a recently proposed method for struc tural optimization considering small uncertainty in nodal locations (Guest and Igusa, 2008) and/or material properties (Asadpoure et al., 2011) . This method used second-order perturbations of the stiffness matrix to transform the uncertainties in nodal locations to a set of mathematically equivalent random forces. Although similar in concept to the aforementioned work of Ben-Tal and Nemirovski (1997) and Tyas et al. (2006) , the method is unique in that the loads were a pure mathematical transformation of the uncertainty and that the design sensitivity analysis accounted for this transformation, allowing joints with uncertain location to being removed or braced in final designs. The perturbations, how ever, were based on linear elastic structural behavior; thus, the optimized designs were invariant to the magnitude and direction of the load. The current work extends this method by introducing first-order nonlinear effects associated with buckling so that the fi nal resulting material distributions will be different under com pressive and tensile forces. In this manner, the newly proposed method is capable of handling both nodal location uncertainty and, to first order, global buckling effects. To the best of the authors' knowledge, such a method does not exist in the literature. This paper is structured as follows. The expected (mean) com pliance is derived for a truss structure with imperfections in nodal locations and with potential global buckling. It is then shown how this compliance expression can be used in topology optimization. Finally, several design examples are presented, illustrating how the effects of geometric imperfections and global instability can re sult in substantial changes in the design.
Geometric imperfections
In this section we derive the formulations for converting the problem of trusses with geometric imperfections to an equivalent random forces problem. These are then extended to consider a first-order approximation to geometric nonlinearity. Applied loads are assumed deterministic. The detailed derivation that follows is general and applies to structures defined in any number of spatial dimensions having any number of nodal location uncertainties.
Expected value of the compliance
Structure geometry is defined by the node locations of the finite element discretization. Geometric uncertainties may then be rep resented by adding randomness to the spatial coordinates of the nodes. Mathematically, this is expressed as
where X i0 is the value of nodal coordinate i for the case where there is no geometric uncertainty and DX i is the random variable that quantifies the uncertainty in this coordinate. The uncertainties DX i are modeled as zero mean, uncorrelated random variables with Guest and Igusa (2008) showed that pertur bation can be used to decompose the nodal uncertainties into a mathematically equivalent system of random loads. These equiva lent random loads are associated with the first-order terms of the perturbation of stiffness matrix and are expressed as
Here, the bold lower-and upper-case letters represents vectors and matrices, respectively, and standard indicial notation is used, where repeated indices implies a summation. Also, K 0 is the deter ministic global stiffness matrix, the subscript 0,i indicates the derivative with respect to coordinate i, and d is the vector of dis placements due to the applied loads f. The superscript (1) used for the equivalent random load vector Df (1) is needed in the fol lowing discussion. Herein, we extend the above, previously developed perturba tion result by partially including the nonlinear effect of geometric imperfections. This is done by iteration. To initialize the iteration process, we use the magnitude of the nodal coordinate random variables as the original random displacements, given in vector form as
where e i is the unit vector associated with coordinate i. The first iteration for the random displacements would be the sum of this initial displacement field and the additional displacements due to the random forces Df (1) :
in which we have used the expression for Df (1) from Eq. (2). This can be expressed in terms of the initial random displacement Dd (0) by using the Kroneker delta,
where I is the identity matrix and
is a dimensionless matrix. If this iteration process is continued, then we obtain, for iteration k
with the limit for an infinite number of iterations given by: 
provided the inverse exists. The matrix A can be thought of as an amplification matrix as it essentially propagates the effect of a random variable through the structure. The equivalent force associ ated with this random displacement is simply an extension of Eq. (2):
A standard approach in topology optimization is to maximize struc tural stiffness by minimizing external work done by the applied loads. This is commonly referred to as the minimum compliance de sign. Guest and Igusa (2008) showed that the expression for the compliance that includes the effects of geometric uncertainties up to second order is
where Dd j is the jth component of the vector Dd. However, only the Df
( 1) first iteration was considered, so that Dd = Dd (0) and Df = . Herein, we use the iterated form for the random displacement and equivalent force vectors in Eqs. (8) and (10), which, when substituted into Eq. (11), yields
To obtain the expected value of the compliance, it is necessary to know the correlation structure of the random variables. Geometric randomness is generally uncorrelated in trusses by nature, and thus we express correlation in terms of the Kroneker delta as 
where C (0) is the diagonal covariance matrix of the coordinate ran dom vector with diagonal elements r 2 i . To evaluate the expected va lue of the compliance, E[c], it is necessary to put the random vectors together in the expression for the compliance, c. This is done by using the trace operator and by using the commutative property of matrices and vectors multiplied within the trace operator:
is a matrix of normalized equivalent forces, and we have defined:
Topology optimization formulation
It is now possible to express the topology optimization design problem in terms of the expected value of the compliance: ). The first two equality constraints are for the equilib rium conditions under the real applied loads f and normalized equivalent random forces F . The matrices K 0 , K 0,i , and K 0,ij are assembled via standard finite element assembly from their respec tive element matrices; the expressions for these for truss elements can be found in Guest and Igusa (2008) . Since these matrices are functions of q e , it follows that A, F, d and U are also functions of q. To make the sensitivity computations for the gradient-based optimization process computationally efficient, the derivatives of the objective function with respect to q may be found using direct differentiation (or the adjoint method). The resulting expressions are straightforward and efficient to compute. They are, however, involved and are thus presented in the appendix.
Optimization algorithm
The above expressions are used in the design optimization algo rithm as follows.
1. Initialize q (e.g., areas are uniformly distributed to satisfy the volume constraint). 2. Calculate the displacements d due to load f by solving
Holding the displacements fixed, calculate A using Eq. (9), the objective function using Eq. (14), and the sensitivity of the objective function using equation (A.13) of the Appendix.
5. Update q using a gradient-based optimizer. 6. If not converged, go to step 2; otherwise, q gives the final design.
The steps above require solution of several linear systems. How ever, a key advantage of the perturbation-based methodology is that each of the systems in steps 2 and 3 have the same left-hand side: the deterministic global stiffness matrix K 0 . Therefore, the solution of d and U simply require solving a linear system of equa tions with multiple right-hand sides (real load case f and equiva lent load cases F). This cost can be effectively mitigated with proper solver selection, such as L-U factorization. The primary computational difference between this new methodology and the original perturbation-based algorithm is the computation of A.
It should be noted that topology optimization allows for the re moval of structural elements. Thus, in step 5, elements that achieve a cross-sectional area below a prescribed threshold are removed from the domain and the structural connectivity is updated (see Bendsøe et al., 1994; Kirsch, 1989; Bendsøe and Sigmund, 2003) .
Numerical examples
In this section we illustrate the effects of geometric uncertain ties on the design of several truss examples using the proposed for mulation. In these examples, all truss members have unit Young's modulus and total available material volume of 790 units. Sequen tial Quadratic Programming, as implemented in the MATLAB Opti mization Toolbox, is used for the gradient-based optimizer. The examples were also solved using the Method of Moving Asymptotes (Svanberg, 1987) with no significant difference in solution quality.
Simple column
We begin with the simple ground structure shown in Fig. 1(a) , also studied in Guest and Igusa (2008) , with horizontal and vertical nodal spacing of 40 and 30 units, respectively. The horizontal load is applied mid-height at the right boundary, as either a compres sive or tensile load. The solution for the deterministic design con dition of perfectly alligned nodes is given by the four colinear bars shown in Fig. 1(b) . This solution is independent of the load direc tion and magnitude. This structure appears efficient, but under any perturbation in nodal locations it becomes (i) kinematically unstable under a compressive applied load or (ii) inefficient under a tensile load (becoming efficient only after the bar becomes straightened under the load).
We now consider the illustrative case of randomness in a single node using the proprosed algorithm. Both spatial coordinates of node A (Fig. 1(a) ) are considered uncertain, with randomness quan tified by the standard deviation of r A in each coordinate direction. Fig. 2(a) , includes bracing of node A, as well as the nodes connected to node A. This is expected due to the vertical internal forces induced by the misalignment of node A. This topology is identical to the solution presented in Guest and Igusa (2008) with only minor differences in the distribution of material. The design for the larger uncertainty of r A = 0.2L x , shown in Fig. 2(b) , includes dis tributed bracing throughout the system. This is consistent with the fact that buckling is a global phenomenon. The differences in designs are algorithmically driven by the amplification matrix A and corresponding differences in the global equivalent forces F. For small uncertainties, these equivalent forces are localized around node A, and become very similar to the localized equivalent forces derived by Guest and Igusa (2008) (this explains similarity of Fig. 2(a) to their solutions). For larger uncertainties, the equiva lent forces F become significant for nodes that are farther from node A. This global effect results in more extensive truss bracing as shown in Fig. 2(b) .
When the applied load is changed from compression to tension, the structural designs reduce to a straight bar for both levels of randomness, as shown in Fig. 3 . Analytically this is due to the fact that the global equivalent forces are dependent on the sign of the applied load. In the previous work (Guest and Igusa, 2008) , the magnitudes of localized equivalent forces were independent of the sign of the applied loads due to the assumption of linear elas ticity, so that the design under compression and tension were both given by Fig. 2(a) .
As suggested in Eq. (16), optimal topologies are also dependent on the force magnitude. We briefly examine the changes in the de sign as the tensile force is reduced from P to P/2 and P/3, for the case of 20% geometric variability at node A and P of 0.15 units as before. The results, shown in Fig. 4(a) and (b), show that as the force is reduced, the bracing increases. To understand this, it is P Fig. 3 . Optimized design for the simple column example under tensile load P for both 10% variability and 20% variability in location of node A. 
(a)
to the solution under load P (Fig. 3) , smaller tensile loads spur increased bracing as Fig. 2 . Optimized design for the simple column example under compressive load P the perturbed middle bar can be prevented from reaching a collinear deflected and (a) 10% variability and (b) 20% variability in location of node A. All crossstate. All cross-sectional area magnitudes are normalized by the maximum area of a sectional areas are normalized by the maximum member area in (a).
member in case (a).
noted that the design of Fig. 3 with geometric variability at node A has no axial stiffness until it reaches a collinear state. As compli ance is the product of force and total displacement, this initial 'free' motion leads to increased total deflection and thus compliance. If the load is relatively is small, then it is possible to reduce the com pliance by adding the bracing shown in Fig. 4 (a) and (b), which re duces the tendency of the middle truss elements to become collinear. For sufficiently large loads, however, the middle ele ments will tend to become collinear even with bracing. Hence, the optimal design is to use all of the material in the middle ele ments, as shown in Fig. 3 . This simple example illustrates two important properties of the new algorithm. First, the effect of nonlinearity is evident in that solutions are dependent on both the magnitude and direction (ten sile or compressive) of the applied loads. Second, geometric uncer tainty is spatially propagated through structurally nonlinear behavior (such as global buckling). Additional examples are exam ined In the following subsections to further explore these nonlin ear characteristics.
Cantilever beam, center load
The ground structure for this example is shown in Fig. 5 . The load magnitude is 0.3 units and design domain dimensions are 45 and 30 units in the horizontal and vertical directions, respec tively. In this example, and in all of the remaining examples of this section, the line thickness is used to indicate relative crosssectional area. The deterministic design (no geometric uncertainties) is shown in Fig. 6 . As the figure suggests, the optimized topology would con tain several segments of collinear elements, yielding a kinemati cally unstable structure. These collinear elements have been merged into a single element to eliminate these instabilities. This is a standard approach in topology optimization but tends to in crease the length of compressive members, making them more prone to local (Euler) buckling (Zhou, 1996) . This is contrasted with the non-deterministic design shown in Fig. 7 , found using the pro posed algorithm under the assumption of geometric variability of r = 0.05L x at all nodal locations. Although every node has geomet ric uncertainty, the bracing is used predominantly around the regions of the structure under compressive forces, as these sections are more prone to collapse due to geometric imperfections. It is also clear that the large, primary compressive load paths in Fig. 6 have been redesigned into redundant subsystems to create alter nate load paths. The compressive column and diagonal member share the same bracing, leading to an economical design. It is noted that the tensile members could be manufactured as long elements, while the compressive members would be braced, as the topology design suggests.
We now compare the nonlinear structural performance of the deterministic and non-deterministic designs in the presence of geometric uncertainties. As mentioned, the deterministic designs contain collinear elements, and thus will fail under near-zero mag nitude applied loads. To make this comparison meaningful we must merge collinear elements. Traditionally this is done by node cancelation, a process where interior nodes of the merged ele ments are eliminated. Such a procedure, however, would change the structural mesh and consequently the random variable field on which the topology optimization was based. Therefore, collinear elements of both designs are simply merged herein by replacing interior frictionless hinges with rigid connections. Monte Carlo simulation is used to generate a hundred independent samples for each design using uniformly distributed random node locations with zero means and standard deviation r = 0.05L x . one of these Monte Carlo samples for both designs and illustrates the presence of geometric randomness along the length of the merged elements. This is consistent with the initial ground struc ture geometry and represents manufacturing errors. Truss member cross-sections are assumed solid cylinders, and the load-deflection curve of each Monte Carlo sample is computed using the 2nd-order elastic analysis tool in Mastan2 software (Ziemian and McGuire, 2010) . The average of load-deflection curves is shown in Fig. 9(a) , where the horizontal axis represents the vertical displacement at the location of load and the vertical axis represents the load mag nitude. It can be seen that the two designs have comparable perfor mance at low loads, but the design considering uncertainties clearly outperforms the deterministic design when the load ex ceeds 0.02 units. Another way to assess and compare designs is to examine the structural reliability. Here, we define structure fail ure as tip displacement exceeding 8 units. Fig. 9(b) displays the percentage of samples failed as a function of load magnitude. All of the samples for the deterministic design fail before the load reaches 0.032 units, while for the design considering uncertainties, only 4 of the 100 Monte Carlo samples fail at this load, all due to local (Euler) buckling. Additional failed samples do not occur until 0.14 0.12 0.10 over three times this load, with 100% failure only after the load has increased by nearly a factor of six.
The relatively high second-order nonlinear performance of the non-deterministic design is due to the braced compressive load paths and the existence of multiple redundant load paths. A conse quence of this design is that the structure is (on average) slightly more flexible than the deterministic solution under very small loads and deflections. This is not surprising, as the structure re sponse is near linear elastic in this regime. Another interesting property of the design in Fig. 7 is that structure undergoes stiffen ing with the application of the load. This behavior can be seen in the load-displacement curve plotted in Fig. 10 for the realization shown in Fig. 7(b) , and is due to the force-induced alignment of the tension members as the structure is subjected to small loads. It is noted that this increase in tangent stiffness is not as evident in the averaged curve in Fig. 9(a) as not all the realizations behave in this manner. Finally, it is noted that the irregularities in the curves of Fig. 9 are due to the relatively low number of Monte Carlo samples, and that increasing the number of samples would likely lead to smoother curves. Fig. 8, showing Fig. 11 . Ground structure, applied load and boundary conditions for the tall structure stiffening with application of load.
cantilever example. 
Cantilever beam, corner load
The next example is a cantilever structure subjected to a load of 0.15 units applied at a corner, as shown in Fig. 11 . The hori zontal and vertical domain dimensions are 30 and 60 units,
0.10
Outer Region respectively. The optimized design under deterministic condi tions is shown in Fig. 12 , where again interior hinges have been replaced with rigid connections at the interior nodes of collinear patterns.
As in the preceding example, the design considering uncertainty assumes geometric variability of r = 0.05L x at every node in the structure. The optimized design found using the proposed algo rithm is shown in Fig. 13 . The compressive side of the structure features multiple load paths that share a fairly dense bracing sys tem, ultimately leading to an economical design.
To evaluate the performance of these designs in the presence of geometric uncertainties, Monte Carlo simulation is again used to generate 100 realizations of each of the designs in Figs. 12 and 13, and the load deflection curve for each realization is computed using 2nd-order elastic analysis. Averages of the load-deflection curves and the structural reliabilities of each design are shown in Fig. 14(a) and (b) in the same way they were shown in Fig. 9 (a) and (b) for the preceding example. The results follow the same trends identified in the previous example: the designs created by the new methodology offer superior stiffness and lower failure rates because of the bracing and multiple load paths in the non deterministic design. 
L-shaped structure
The final example is the L-shaped structure shown in Fig. 15 . The overall dimensions are 100 by 100 units with the upper right quarter of the domain removed from the ground structure. The ap plied load has a magnitude of 0.1 units, leading to compression and tension zones in the inner and outer regions respectively indicated in the figure.
The optimal design under deterministic design conditions is shown in Fig. 16 . Since the inner vertical member carries twice the load of the outer vertical member, the inner member is twice the cross-sectional area. Even with collinear element merging, however, the structure is kinematically unstable as it can freely rotate under any horizontal load. Fig. 17 displays the design con sidering geometric uncertainty assuming variability of r = 0.1L x in all node locations. The tension zones receive relatively light, if any bracing, while alternate load paths and shared bracing are incorporated into the compression zones. The structure is also kinematically stable, a known byproduct of considering geometric uncertainties in truss design (Guest and Igusa, 2008) .
Concluding remarks
This paper extends a recently developed structural optimization algorithm for design under geometric uncertainties to include a first-order approximation to geometric nonlinearities. Geometric imperfections are modeled by considering the location of truss nodes to be uncertain, which ultimately leads to uncertainty in structural stiffness. Perturbation is used to transform these uncer tainties into a system of equivalent random loads. These loads are enhanced in this work to account for the increased potential of glo bal buckling in structures with imperfections. Key characteristics of this approach not seen in the original algorithm are that (1) opti mal designs are dependent on the magnitude of the load, (2) opti mal designs are dependent on the direction of the load (tension or compression inducing), and (3) the impact of an uncertainty source may propagate to regions far from the source.
Several examples were considered where the goal was to minimize the expected value of compliance (maximize stiffness) in the presence of geometric uncertainties. Optimized designs consistently featured (1) compression regions with multiple load paths and shared bracing and (2) tension regions with little to no bracing, even in the presence of geometric imperfections. This more closely reflects good design practice, as tension usually cancels the effects of imperfections while compression amplifies these effects. Improved performance of the optimized solutions was also confirmed using second-order elastic analysis. Solutions found using the new methodology significantly outperformed those found under deterministic design conditions in terms of maximum load carried and stiffness in the nonlinear regime. Minimizing expected value of compliance is a first step towards robust design and it is clear that the new methodology results in designs that are less sensitive to manufacturing errors. This could significantly reduce the analysis cost in the first stages of designs, and furnishes a reliable starting point for design engineers.
A key benefit of the proposed algorithm is computational effi ciency. Uncertainties in the global stiffness matrix, the left-hand side of the linear system, are transformed into equivalent loads, the right-hand side. This means we must solve, at every design iteration, a linear system with a single left-hand side and multiple right-hand sides (load cases). This is in contrast to Monte Carlobased optimization approaches, which require, at each design iter ation, solution of multiple global stiffness matrices for a single load case. The efficiency of such an approach is apparent and has been discussed in related works (Guest and Igusa, 2008; Asadpoure et al., 2011) . Although the algorithm is mechanics-driven, the pri mary disadvantage of the proposed algorithm is that it is heuristic. The perturbation-based methodology offers mathematical equiva lence in the linear elastic regime, but offers only a linear approxi mation to nonlinear behavior. Although the algorithm clearly produces solutions with improved nonlinear performance in the presence of geometric imperfections, the improvement in perfor mance cannot be predicted without a full nonlinear analysis. 
and differentiating Eq. (9) yields:
Combining the preceding three equations would lead us to:
Substituting (A.6) into (A.2), collecting terms, and using the trace operator properties yields:
The derivatives of the stiffness matrices with respect to the design variables are straightforward to compute (Guest and Igusa, 2008) . The derivatives of the displacements d and U are found using direct differentiation. Recall that: 
Using the properties of trace operator and collecting terms gives the final form of the sensitivities:
